Abstract: A geometric model for the quantum nature of interaction fields is proposed. We utilize a trivial fibre bundle whose typical fibre has a multiconnectivity characterized by a discrete group Γ. By seeing Γ as a gauge group with global action on each fibre, we show that the corresponding field strength is non-zero only on the future part of the light cone whose vertex is at the interaction point. When the interaction is submitted to the symmetries of a Lie group G, we consider the gauge group G × Γ. The field strength of the gauge having this group includes a term expressing the quantization of the interaction field described by G. This geometric interpretation of quantization makes use of topological arguments similar to those applied to explain the AharonovBohm effect. Two examples show how this interpretation applies to the cases of electromagnetic and gravitational fields.
Introduction
The strong distinction between the mathematical formalism at the root of quantum theory and the geometric method of general relativity explains in large part the difficulties related to the unification of these theories. Quantum theory stands on postulates about field measurements which must be seen as operators whose eigenvalues give the values that can be measured. The quantization of these fields then follows from the non-commutativity between certain couples of operators. Conversely, general relativity describes gravitational effects in terms of geometric properties of space-time. According to Einstein, a unified field theory should provide a reinterpretation of quantum phenomena [1, chap. 26] . His opinion was that a revision of some of the fundamental ideas of the above two theories could be essential to a deep and real unification of theoretical physics. Most of the attempts to build a unified field theory try to bring general relativity into the mould of the mathematical formalism of quantum theory. Very few are the attempts which aim to give the geometric character of general relativity to quantum theory.
With the objective of a geometric reinterpretation of quantum phenomena, the present work examines the possibility of putting forward a geometric explanation for the discrete nature of all interaction fields. This paper is based on [2] . It is also an extension, with some corrections, of [3] where the quantification of non-gravitational interaction fields was explained through the geometry of a hyperspace-time of the Kaluza-Klein type. The discrete nature of these interaction fields was then motivated by the multiconnectivity of the space added to space-time and which was called superior space. More precisely, the discretization was related to the monodromy group of the superior space seen as a covering space. This discrete group leads to the introduction of the notion of discrete gauge, some properties of which are given in [3] . After we have extended the geometric framework of the preceding work, we shall investigate more deeply the notions of discrete gauge and discontinuous fibre bundle. In particular, we shall determine the connection and the curvature forms of a fibre bundle where a continuous and a discrete gauges operate simultaneously. To see what this geometric quantization adds to classical interaction fields, we shall apply it to the electromagnetic and gravitational fields.
Discontinuous fibre bundles and discretization of fields
Let (E, M, p) be a trivial fibre bundle with typical fibre F . We assume that a Lie group G operates on F , as well as a discrete group Γ which operates freely. The direct product G × Γ will be considered as the structure group of (E, M, p). Observe that the action of any element of G on F is determined by the Lie algebra of the group G, i.e. local symmetries of F , and that the action of the elements of Γ are related to global symmetries of F . The subgroup Γ of G × Γ has the effect of identifying points of F which implies a reduction of the measure (for any non-trivial metric on F ) of the set of its distinct points. The projection π : F → F/Γ shows that F can be seen as the total space of a fibre bundle with structure group Γ. Let π −1 γ be the horizontal section associated with γ ∈ Γ in the fibre bundle (F, F/Γ, π). The submanifold π −1 γ (F/Γ) of F has the same local geometric properties as F and can thus be used as the geometric framework of the physics using the Lie algebra of the group G. This submanifold π −1 γ (F/Γ) of F is congruent to the fundamental polytope determined by Γ on F .
The group Γ transforms F into a set of polytopes which are all identical to the fundamental polytope. The scope to choose any one of these polytopes as the geometric framework of one or the other of the Lie algebras used in physics is a degree of freedom analogous to those of the continuous gauges used in ordinary field theory. Since the transition between two polytopes of F is carried out by Γ, it becomes the group of this new gauge. The link between the values of this gauge at two nearby points in M is fixed by a connection defined on (E, M, p) and determined by the gauge potential.
To determine this potential, we consider a function ψ(x), x ∈ M, describing the state of a particle having physical properties whose description requires one or many local symmetries of F , as well as its global symmetry specified by Γ. The function ψ is assumed to be twice continuously differentiable. At each point x ∈ M, the evaluation of ψ necessitates one of the polytopes of F . If the particle is free to move, this polytope can be chosen arbitrarily over each point of M. Such a choice defines the horizontal section to which refers the gauge of group G × Γ in the fibre bundle (E, M, p).
Let us assume that the particle is subject to the interaction of an exterior field at the point x 0 ∈ M. The action of this field on the particle will generally be expressed by the determination of a new horizontal section in (E, M, p). The variation of ψ at x 0 includes the continuous variation associated with the considered set of local symmetries of F , and the discontinuous one due to the change of polytope at this point. This means that the exterior field acts on the particle through discrete quantities, which are integer multiples of a fundamental element specific to the considered type of field. The minimal variation of ψ can be associated with the smallest change of polytope. We denote by γ 0 the element of Γ corresponding to this smallest change of polytope.
The effect of the exterior field on the particle is usually interpreted as a displacement in F according to the symmetries of the considered gauge Lie group. The invariance of a theory under the transformations of the gauge whose group is Γ has an interpretation similar to that of gauge theories of a continuous group. To see that, let us first observe that the new invariance comes from the fact that all polytopes of F are equivalent to describe the physics. The influence of the exterior field on the particle is here interpreted as a displacement in F where a change of polytope now also takes place. From a given point of F toward its homologue in a new polytope, the displacement is done along a path determined by the local symmetry of F related to the continuous gauge group under consideration. Therefore, when an interaction takes place between a particle and an exterior field, the particle behavior results from the combined effect of the discrete gauge of group Γ and a continuous gauge whose symmetries belong to a Lie group G. In order to describe this combined effect, we shall proceed by steps starting with a brief review of the case where the discrete gauge is absent.
Continuous gauge
Let x μ , μ = 0, 1, 2, 3, be the coordinates of a point x ∈ M belonging to a local coordinate system which is oriented so that x is timelike or lightlike with respect to the point x 0 = 0 where an elementary interaction takes place. Assume that the function ψ is in the space of an irreducible representation T G of the group G. We denote by J k the hermitian operators of T G associated with the generators of G. The effect on ψ(x) of the transformation of the continuous gauge corresponding to this interaction is described by the operator U(x)
where q G is the coupling constant related to the group G, the α k are twice differentiable functions and the summation is performed over the index k which varies from 1 to the dimension of G.
To first order in the α k , which are assumed to be infinitesimal, we have
where I is the identity operator of T G . For the derivative of Uψ transforms as the function ψ under any transformation of the gauge group G, we need the covariant derivative defined by
where
The functions A μ (x), μ = 0, 1, 2, 3, are the components of the continuous gauge potential A(x), which determines a connection in the fibre bundle of group G. Identifying with a prime the expressions resulting from a transformation of the continuous gauge, we then have
When (3) and (5) are substituted into (6), we obtain
The equation (7) is the transformation rule for A μ , when the transformation (5) is applied to ψ. According to (4) , each function A μ is a sum of operators J k which in general do not commute. This property implies that the functions A μ will also not commute in general. It follows that the commutator of two gauge covariant derivatives given by (3) will not cancel in general. We have indeed
make up the curvature form of the connection determined by the functions A μ . This curvature form is also called curvature tensor or field strength. Substituting (4) into (8), we find
Observe that the derivatives of order two of the functions α k are not assumed to be continuous, so that the first term on the right-hand side of (9) does not necessarily vanish.
Discrete gauge
We now suppose that only the discrete gauge arises when an interaction takes place at the point x 0 = 0. We assume that ψ belongs to the space of an irreducible representation T Γ of Γ. We also assume that the fibre F has a continuous symmetry described by a Lie group of displacements Γ having Γ as discrete subgroup and such that Γ/Γ is compact. At each point x ∈ M, the evaluation of ψ requires one of the polytopes of F . The variation of ψ resulting from an elementary interaction can be associated with the change of polytopes given by
where the t j are fixed real numbers, the a j are the generators of Γ and the index j varies from 1 to the dimension of Γ. The operator of T Γ corresponding to γ 0 ∈ Γ is then determined by
where the K j are the hermitian operators of T Γ corresponding to the generators a j . The effect on ψ of the change of polytope corresponding to this elementary interaction can be expressed by the operator V (x) ∈ T Γ given by
where q Γ is the coupling constant related to the group Γ. We shall assume that the value of q Γ is infinitesimal. If x 0 designates the time component of x, we also have that Θ denotes a generalized Heaviside function defined as
where θ is the usual Heaviside function, L + (0) is the future part of the light cone having its vertex at x = 0 and
where Θ(x) = 1. This implies that ∂ μ Θ(x) = 0 for x ∈ M such that x 0 < 0. We now consider the case of the x ∈ M satisfying x 2 = 0 and x 0 ≥ 0. This hypersurface will be designated by R. According to [5, p . 449], we have for all x ∈ M outside the vertex point
where σ Θ(x) designates the step of the function Θ(x) on the hypersurface R, η μ (x) is the x μ component of the outward unitary normal to R and δ R is the unit measure having R as support. The function Θ(x) has a step of height 1 when x passes from the exterior toward the interior of R. The components of the unitary outward normal to R are
The expression (12) then becomes
Observe that the expression (13) is not defined at the interaction point x = 0. Let us determine the potential B(x) corresponding to the gauge of group Γ. We shall consider the covariant derivative associated with the discrete gauge group up to first order in q Γ . This covariant derivative can be written
where the B μ are the components of the gauge potential B. From (14) , it is easy to show that the transformation law similar to (7) is
Equation (15) will allow us to obtain an explicit formula for the functions B μ . To this end, we first note that it is possible to define the reference horizontal section in the fibre bundle of group Γ, associated with the absence of interaction for the particle, as the one corresponding to put B μ = 0. From (15) , it then follows that
Since
to first order in q Γ , from (16) we find that
Seeing that we keep only the terms of first order in q Γ in (14) , the expression (18) reduces to
From (13) and (19), we therefore obtain
We now find the F Γ μν determined by the B μ . As for (8), we first have
Let
According to [6, p. 374] , the derivative of δ R with respect to x 0 is defined by
where if ϕ is a function on R 4 , then {ϕ} designates the function on R 3 defined by
The derivative of δ R with respect to x ρ , ρ = 1, 2, 3, is then given by 
If μ = 0, ν = 0 and x 0 ≥ 0, we have
The 
Combined gauge
We now consider the combined effect of the local and continuous gauge of group G with the global and discrete gauge of group Γ. When an interaction takes place at x 0 = 0, the symmetries of both groups G and Γ act upon the function ψ. Taken separately, these influences are described by the action on ψ of the operators (1) and (11) . For their combined influence, we assume that the operators U and V belong to irreducible representations of the same dimension, and that their effects on ψ are simultaneous. This last property implies the commutativity of U and V . Using (2) and (17), it is then easy to show that
Let us determine the potential P (x) associated with the gauge of group G×Γ. To this end, we first calculate the covariant derivative of the combined gauge. This derivative can be written D
where the P μ are the components of the gauge potential P . From (25), one easily shows that the transformation law analogous to (7) for the functions P μ is
Using the same argument as for (16), we deduce from (26) that
But, from (2) and (17), and to first order in the α k and q Γ
From (27), it is then easy to show that
To first order in the α k and q Γ , the fourth and the sixth terms in (28) disappear. If we now assume that each ∂ μ α k is of an order smaller than or equal to the first in the α k , then the third and fifth terms of (28) also disappear. Finally, we obtain
The potential resulting from the product of the operators U and V is thus the sum of those of the continuous gauge and of the discrete gauge, the latter being multiplied by
We now determine the curvature form F GΓ μν related to the connection determined by the potential P (x). First we have
where F G μν and F Γ μν are respectively given by (9) and (22),(23), and
From (24), it follows that F GΓ μν = 0. If μ, ν = 0 and x 0 ≥ 0. We thus have
and, if μ = 0, ν = 0 and x 0 ≥ 0,
We also have F (31) give the components of the curvature form which takes into account the geometric quantization. This geometric quantization will now be applied to the electromagnetic and gravitational fields.
Electromagnetic fields
The first and simplest of gauge theories is electromagnetism. This theory describes the movement of electric charged particles in a classical electromagnetic field expressed by a quadrivectorial function A(x). The introduction of the function A(x) requires taking into account a twice differentiable scalar function φ(x). In quantum mechanics, the function φ(x) is interpreted as the phase of the complex-valued function ψ(x) which describes the state of a particle. The interest of φ(x) comes from the way one compares its values at two different points of the space-time M. The comparison is done through the potential A(x), which plays the role of a connection in the fibre bundle of group U(1) with M as base space.
The degree of freedom associated with the phase φ(x) can be seen as corresponding to a spatial dimension added to the four of space-time. If one has in mind the construction of a geometric unified field theory of the Kaluza-Klein type, the application of the above method of quantization requires a hyperspace-time having at least five dimensions. By analogy with [3] , we shall suppose that the space added to space-time, called the superior space, has a positive constant curvature and is of odd dimension. The simplest superior space is then S 1 (κ), i.e. the circle of curvature κ. The presence of the discrete group of symmetry Γ of S 1 (κ) implies that it is not necessary to have a large curvature in order for the superior space to be unobservable from space-time. To see that, first note that we can put
where N is the order of Γ. By identifying points of S 1 (κ), the group Γ reduces the measure of the set of its distinct points. Since the unobservability of superior space is then independent of its curvature, one can directly solve the classical cosmological constant problem [7] . The fibre bundle considered here is (M × S 1 (κ), M, p) with U(1) × Γ as structure group. The operators acting on ψ belong to irreducible representations of U (1) and Γ having the same dimension. Since these groups are commutative, these representations are of dimension one and their hermitian generators are scalars [8, p. 101 ]. According to (10) and (32), the only hermitian generator of Γ can be chosen to be 2π/N. From (29), it follows that
If μ, ν = 0 and x 0 ≥ 0, then we have
Gravitational fields
In general relativity, the gravitational field is expressed through the space-time metric components. We know that general relativity can be formulated as a gauge theory (see e.g. [9] ). The fibre bundle then considered has space-time M as base space and all fibres over the points of M are diffeomorphic to the Minkowski space-time M 
The operators K μ of (10) being here the differential operateurs ∂ μ , μ = 0, 1, 2, 3, the operator T (n, τ ) of the representation T Γ corresponding to the translation 3 ν=0 n ν τ ν can be chosen to be
The fibre bundle used to apply the geometric quantization is (M × M 4 1 , M, p) with P × Γ as its structure group, where Γ is the above group of finite translations.
Since any gravitational field is described by real functions in general relativity, the generators of T (n, τ ) have not been hermitianized. For the same reason, we do not hermitianize the operators J k of the representation T P . This implies that the factors iq G in (1), with G = P, and iq Γ in (11) must be real numbers. We can put q P = −i and q Γ = −i q Γ , where q Γ is a real number. With these settings to fit the geometric framework of general relativity, the components A μ (x), μ = 0, 1, 2, 3, of the gauge potential become matrix functions taking their values in the Lie algebra of the group P. The functions A μ are in fact the usual Christoffel symbols of space-time. More precisely, we have [11, p. 426] (
It follows that, for μ, ν = 0 and x 0 ≥ 0,
and, for μ = 0, ν = 0 and x 0 ≥ 0,
are the components of the usual space-time curvature tensor. The above equations give the components of the space-time curvature tensor taking into account the geometric quantization.
In order to put into perspective the preceding results, it is good to come back to the classical theory of general relativity. In this theory, the proper distance between the events x μ and x μ + dx μ is given by
At each point x of the space-time, the metric tensor is then a fixed quantity. The proper distance between any two events is also fixed. This property makes it possible to explore events arbitrarily close to the event x μ . We can thus consider the limit of dx μ going to zero at a given value of g μν (x). This leads to
In every attempt to build a quantum theory of gravity, it is assumed that the metric is a quantum variable. This means that it is impossible to ascribe a definite value to the metric or to the line interval. Consequently, the two events x μ and x μ + dx μ may be separated by any proper distance. We can only talk about the probability for the distance to be equal to a particular value. If there is nothing to prevent us considering two events which are arbitrarily close in classical general relativity, such considerations have no physical relevance in the quantum theory of gravity. In particular, there is an uncertainty principle
where L P is the Planck length, Δl is the uncertainty in the measurement of the proper length and Δη is the uncertainty related to the metric coefficients. Within our geometric interpretation of quantum phenomena, the magnitude of the quantum fluctuations in the geometry are determined by the dimensions of the fundamental polytope of the multiconnected fibre bundle. The size of this polytope is settled by the length of the quadrivectors τ μ .
Conclusion and discussion
The qualitative geometric explanation of the quantization of fields presented in this paper is based on a trivial fibre bundle whose typical fibre has a multiconnectivity characterized by the discrete group Γ. The quantum nature of interaction fields is then an expression of this multiconnectivity. Considering Γ as a gauge group with a global action on each fibre, we have shown that the corresponding field strength is non-zero only on the future part of the light cone whose vertex is at the interaction point. This field is given by (22) and (23). When the interaction follows from the symmetries of a Lie group G, the gauge potential of group Γ combines with the one of the gauge of group G. The field strength of this combined gauge is the sum of those of the continuous gauge and of the discrete gauge, the latter being multiplied by the ratio of the coupling constants. Except on the surface of the future part of the light cone having its vertex at the interaction point, this field strength is identical to that of the continuous gauge. The field strength of the combined gauge is given by (30) and (31).
Our interpretation of the quantum nature of interaction fields has some similarities with the geometric explanation of the Aharonov-Bohm effect. As we know, this quantum effect is due to the influence of the electromagnetic vector potential on the electrons in a region around a solenoid where the electromagnetic field is zero. Geometrically, this effect is explained by the fact that zero curvature does not imply trivial parallel transport if the considered region is not simply connected [12, p. 302] . Similarly, the quantization of interaction fields results from the influence of a gauge potential whose field strength is zero in space-time, except on the surface of the future part of light cone having its vertex at the interaction point, i.e. almost everywhere in space-time. Geometrically, this quantization follows from the multiconnectivity of the typical fibre being considered.
A point not addressed in this paper is the identification of an explicit link between the above geometric interpretation of quantization and the formalism of quantum theory. Some elements of this identification are presented in [13] [14] [15] [16] , for the case of a Kaluza-Klein unified field theory where the space added to space-time is the quotient space S d (K)/Γ. Here S d (K) is the sphere of odd dimension d and small curvature K, while Γ is one of its discrete and cyclic invariance group with a very large order N. The geometric rigidity of S d (K) and its multiconnectivity imposed by Γ then allow one to tie up the hyperspacetime with an intrinsic flexibility Φ which goes with its geometric structure. The field Φ is defined on the hyperspace-time and takes its values in the space of a representation of the group Γ. One can therefore assume that Φ = |Φ| exp(iθ) has an energy density potential of the form V (Φ, R) = (2 + cos Nθ)(|Φ| 4 
where the angle θ ∈ [0, 2π] is measured with respect to a given initial value, R is the scalar curvature of the hyperspace-time and B is a constant corresponding to its minimal flexibility. If R = 0, the potential V has a local maximum at Φ = 0 and N absolute minima at Φ k = BR −1 exp(2kπi/N), k = 0, 1, ..., N − 1,
which are located on a circle when R is constant. The field Φ plays here the same role as that of the Higgs field in standard field theories. The latitude on the localization of the zero angle for the set (33) implies the existence of a new local and continuous gauge having U(1) as a symmetry group. Continuous angular variation between the zero angle of the necessarily autocoherent base structure of any observer and that of a free base structure, that is a base structure that has not yet been observed, determines a scalar wave that we identify with the probability wave of quantum mechanics. This identification leads to many geometric interpretations of quantum aspects of observables as well as the unavoidable random part of any observation. We intend to develop these ideas within a more general geometric framework than the above in a forthcoming paper.
